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Abstract
We generalize some well-known fixed point theorems for probabilistic contractions to multivalued
contractions. The contraction maps are considered in generalized Menger spaces.
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In this work we deal with multivalued contractions in generalized Menger spaces. The
outline of the paper is as follows. Section 1 recalls some notions and results concerning
probabilistic metric spaces and probabilistic contractions. Section 2 is devoted to the main
results of this paper: a general fixed point principle for multivalued contractions in general-
ized Menger spaces (Theorem 2.2) and other fixed point theorems, including Theorems 2.6
and 2.11 for two types of contractions introduced here (Definitions 2.3 and 2.10). These
can be seen as generalizations of some classical results.E-mail address: mihet@math.uvt.ro.
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The notions and the results concerning probabilistic metric spaces used in this paper are
classical ones and follow the books [6] and [16]. We recall some of them.
Definition 1.1 [16]. A mapping T : [0,1]× [0,1] → [0,1] := I is called a triangular norm
(shortly t-norm) if it satisfies the following conditions:
(N1) T (a, b) = T (b, a), ∀a, b ∈ I ;
(N2) (a  c, b d) ⇒ T (a, b) T (c, d);
(N3) T (a,1) = a, ∀a ∈ I ;
(N4) T (a,T (b, c)) = T (T (a, b), c), ∀a, b, c ∈ I .
Among the important examples of t-norms we mention the t-norms TL, TP and Min,
defined by TL(a, b) = Max(a + b − 1,0) (Lukasiewicz t-norm), TP(a, b) = a · b and
Min(a, b) = min{a, b}.
Definition 1.2 [3,4]. We say that the t-norm T is of Hadžic´ type if the family {T n}n∈N of
its iterates defined, for each x in [0,1], by
T 0(x) = 1 and T n+1(x) = T (T n(x), x), ∀n 0,
is equicontinuous at x = 1, that is
∀ε ∈ (0,1) ∃δ ∈ (0,1) s.t. x > 1 − δ ⇒ T n(x) > 1 − ε, ∀n 1.
Definition 1.3 [6]. If T is a t-norm and (xn)n1 is a sequence of numbers in [0,1], one
defines recurrently T ni=1xi by T 1i=1xi = x1 and T ni=1xi = T (T n−1i=1 xi, xn), ∀n 2. T ∞i=1xi is
defined as limn→∞ T ni=1xi and T ∞i=nxi as T ∞i=1xn+i .
If q ∈ (0,1) is given, we say that the t-norm T is q-convergent if limn→∞ T ∞i=n(1 − qi)= 1. We remark that if T is q-convergent then
∀λ ∈ (0,1) ∃s = s(λ) ∈ N : T ni=1(1 − qs+i ) > 1 − λ, ∀n ∈ N.
Also note that if the t-norm T is q-convergent then supa<1 T (a, a) = 1.
Examples 1.4 [6]. Each t-norm of Hadžic´ type is q-convergent for every q ∈ (0,1).
Among other examples of t-norms which are q-convergent for each q ∈ (0,1) we men-
tion:
– Lukasiewicz t-norm TL;
– Sugeno–Weber family, defined by
T SWλ = max
(
0,
x + y − 1 + λxy
1 + λ
)
, λ ∈ (−1,∞);
– Domby family, defined by
T Dλ =
(
1 +
((
1 − x)λ +(1 − y)λ)1/λ)−1, λ ∈ (0,∞);
x y
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T AAλ = e−(| logx|
λ+| logy|λ)1/λ , λ ∈ (0,∞).
Definition 1.5 [16]. The class of generalized distance distribution functions (denoted by
∆+) is the class of functions F : [0,∞) → [0,1] with the properties:
(a) F(0) = 0;
(b) F is increasing;
(c) F is left continuous on (0,∞).
D+ is the subset of ∆+ containing functions F that also satisfy the condition
limx→∞ F(x) = 1.
A special element of D+ is the function ε0, defined by
ε0(t) =
{
0, if t = 0,
1, if t > 0.
If X is a nonempty set, a mapping F :X × X → ∆+ is called a probabilistic distance
on X and F(x, y) will be denoted by Fxy .
Definition 1.6 [9,16]. If X is a nonempty set, F is a probabilistic distance on X and T is a
t-norm, the triple (X,F,T ) is called a generalized Menger space if the following axioms
are satisfied:
(PM0): Fxy = ε0 iff x = y,
(PM1): Fxy = Fyx, ∀x, y ∈ X,
(PM2M): Fxy(t + s) T
(
Fxz(t),Fzy(s)
)
, ∀x, y, z ∈ X, ∀t, s > 0.
A Menger space is a generalized Menger space with F(X ×X) ⊂ D+.
Definition 1.7 [16]. Let (X,F,T ) be a generalized Menger space. It is known [7,16,17]
that if supa<1 T (a, a) = 1 then the family {Uε}ε>0, where
Uε =
{
(x, y) ∈ X ×X, Fxy(ε) > 1 − ε
}
is a base for a metrizable uniformity on X, called the F -uniformity.
The F -uniformity naturally determines a metrizable topology on X, called [15] the
strong topology or the F -topology: a subset O of X is F -open if for every p ∈ O there
exists t > 0 such that Np(t) = {q ∈ X | Fpq(t) > 1 − t} ⊂ O.
In the following all topological notions refer to the F -topology.
Probabilistic contractions were first defined and studied by V.M. Sehgal in his Ph.D.
thesis, partially published in [19]. Next we will point out some results from the probabilistic
metric space fixed point theory.
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A mapping f :S → S is called a probabilistic contraction (or B-contraction) if there exists
k ∈ (0,1) such that
Ff (p)f (q)(kt) Fpq(t), ∀p,q ∈ S, ∀t > 0.
Theorem 1.9 [14]. Every B-contraction in a complete Menger space (S,F,T ) with T
continuous has a (unique) fixed point iff T is of Hadžic´ type.
Definition 1.10 [7]. Let S be a nonempty set and F be a probabilistic distance on S.
A mapping f :S → S is called a C-contraction if there exists k ∈ (0,1) such that, for all
p,q ∈ S,
(H): t > 0, Fpq(t) > 1 − t ⇒ Ff (p)f (q)(kt) > 1 − kt.
Unlike Sehgal’s contractions, any contraction of Hicks type has a fixed point even in
complete Menger spaces (S,F,T ) with supa<1 T (a, a) = 1 (the weakest condition which
ensures the existence of the F -uniformity [12]).
Theorem 1.11 [14]. Let (S,F,T ) be a complete Menger space such that supa<1 T (a, a)
= 1. Then every C-contraction f on S has a unique fixed point which is the limit of the
sequence (f n(p))n∈N for every p ∈ S.
Multivalued generalizations of probabilistic contractions were considered in [6–8].
For more details concerning these classical types of probabilistic contractions we refer
the reader to [1,2,5,6,18,20,21].
Finally, we mention two larger classes of probabilistic contractions, defined as follows.
Definition 1.12 [10]. Let S be a nonempty set and F be a probabilistic distance on S. If
(bn)n∈N is a sequence in (0,1) such that bn ↗ 1, we say that the mapping f :S → S is a
(bn)-probabilistic contraction if ∀n ∈ N ∃kn ∈ (0,1): ∀p,q ∈ S, ∀t > 0,
Fpq(t) > bn ⇒ Ff (p)f (q)(knt) > bn.
Definition 1.13 [11]. Let S be a nonempty set and F be a probabilistic distance on S.
A mapping f :S → S is called a weak-Hicks contraction (shortly w-H contraction) if
there exists k ∈ (0,1) such that, for all p,q ∈ S, the following implication holds:
(w-H): t ∈ (0,1), Fpq(t) > 1 − t ⇒ Ff (p)f (q)(kt) > 1 − kt.
2. Main results
In the following 2S denotes the class of all nonempty subsets of the set S and C(S) is
the class of all nonempty closed (in the F -topology) subsets of S.
Definition 2.1. Let F be a probabilistic distance on X and M ∈ 2S. A mapping A :X → 2X
is called continuous if for every ε > 0 there exists δ > 0 such that Fxy(δ) > 1 − δ ⇒ ∀p ∈
A(x) ∃q ∈ A(y): Fpq(ε) > 1 − ε.
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A :X → C(X) be a continuous mapping. If there exist a sequence (tn)n∈N ⊂ (0,∞) with∑∞
1 tn < ∞ and a sequence (xn)n∈N ⊂ X with the properties:
xn+1 ∈ A(xn) for all n and lim
n→∞T
∞
i=1fn+i−1 = 1,
where fn := Fxnxn+1(tn), then A has a fixed point.
Proof. We will prove that (xn) is a Cauchy sequence, that is
∀ε > 0 ∃n0 = n0(ε) ∈ N : Fxnxn+m(ε) > 1 − ε, ∀n n0, ∀m ∈ N.
Let ε > 0 be given. Then
lim
n→∞T
∞
i=1fn+i−1 = 1 ⇒ ∃n1 = n1(ε) ∈ N : T mi=1fn+i−1 > 1 − ε,
∀n n1, ∀m ∈ N.
Since the series
∑∞
n=1 tn is convergent, there exists n2 (= n2(ε)) such that
∞∑
n=n2
tn < ε.
Let n0 = max{n1, n2}. Then, for all n n0 and m ∈ N we have
Fxnxn+m(ε) Fxnxn+m
(
n+m−1∑
i=n
ti
)
 T mi=1Fxn+i−1xn+i (tn+i−1) = T mi=1fn+i−1 > 1 − ε,
as desired. By the completeness of X it follows that (xn) converges to some x ∈ X.
We will prove that x ∈ A(x). Since A(x) = A(x) we have to prove that for every ε > 0
there exists y = y(ε) ∈ A(x) such that Fxy(ε) > 1 − ε.
Let ε > 0 be given. Since supa<1 T (a, a) = 1 and (S,F,T ) is a Menger space, we can
find the positive numbers δ and δ1 such that Fpr(δ) > 1 − δ, Frq(δ) > 1 − δ ⇒ Fpq(ε) >
1 − ε and Fpr(δ1) > 1 − δ1, Frq(δ1) > 1 − δ1 ⇒ Fpq(δ) > 1 − δ.
From xn → x it follows that there exists n1 = (n1(ε)) ∈ N such that
Fxxn(δ1) > 1 − δ1, ∀n n1.
Also, there exists n2 = n2(ε) ∈ N such that
Fxnxn+1(δ1) > 1 − δ1, ∀n n2.
From the continuity of A it follows that there exists δ2 > 0 such that Fxy(δ2) >
1 − δ2 ⇒ ∀p ∈ A(x) ∃q ∈ A(y): Fpq(δ) > 1 − δ.
Let n3 ∈ N be such that Fxnx(δ2) > 1 − δ2 for all n n3 and s = max{n1, n2, n3}.
Then there exists y ∈ A(x) such that Fxs+1y(δ) > 1−δ. We also have Fxxs+1(δ) > 1−δ,
therefore Fxy(ε) > 1 − ε. The theorem is proved. 
In the following we present some applications of this theorem.
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i2.1. A multivalued generalization of B-contractions
Definition 2.3. Let (bn)n∈N be a sequence in (0,1) such that bn ↗ 1 and F be a proba-
bilistic distance on S. A mapping A :S → 2S is called a multivalued (bn)-contraction if
for every n ∈ N there exists kn ∈ (0,1) such that for all p,q ∈ S and t > 0 the following
relation holds:
(bn)–B¯: Fpq(t) > bn ⇒ ∀u ∈ A(p) ∃v ∈ A(q): Fuv(knt) > bn.
Lemma 2.4. Any multivalued (bn)-contraction is continuous.
Proof. Let ε > 0 be given. We can find m ∈ N such that bm > 1 − ε. Then, for δ :=
min{ε/km,1 − bm} we have Fxy(δ) > 1 − δ ⇒ Fxy(ε/km) > bm ⇒ ∀p ∈ A(x) ∃q ∈
A(y): Fpq(ε) > bm > 1 − ε. 
Lemma 2.5. Let A be a multivalued (bn)-contraction such that Fpq ∈ D+ for some p ∈ S,
q ∈ A(p). Then there exists a sequence (pn)n∈N of elements of S with the properties
pn ∈ A(pn−1) for all n 1
and
∀s ∈ N ∃ε = ε(s) > 0: Fpn−1pn
(
kn−1s ε
)
> bs for all n 1.
Proof. Let s ∈ N be given. We define p0 = p and p1 = q.
Since Fpq ∈ D+ it follows that there exists ε > 0 such that Fp0p1(ε) > bs.
Using (bn)–B¯ we can find p2 ∈ A(p1) such that Fp1p2(ksε) > bs and, by induction,
pn ∈ A(pn−1) such that Fpn−1pn(kn−1s ε) > bs for all n 1. 
Theorem 2.6. Let A :S → C(S) be a multivalued (bn)-contraction in a complete general-
ized Menger space (S,F,T ) under the t-norm T of Hadžic´ type. If there exist p ∈ S and
q ∈ A(p) such that Fpq ∈ D+, then A has a fixed point.
Proof. Let s ∈ N be such that limn→∞ T ∞i=nbs+i = 1 (such a number does exist, for T is
of Hadžic´ type). From Lemma 2.5 it follows that there exist ε > 0 and a sequence (pn)n∈N
of elements of S with the properties
pn ∈ A(pn−1) for all n 1
and
∀s ∈ N ∃ε = ε(s) > 0: Fpn−1pn
(
kn−1s ε
)
> bs for all n 1.
By choosing tn = kn−1s ε, we have
∑∞
1 tn < ∞ and limn→∞ T ∞i=1fn+i−1  limn→∞ T ∞i=nbs+= 1, so we can apply Theorem 2.2 to find a fixed point of A.
The theorem is proved. 
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t-norm T of Hadžic´ type and f :S → S be a mapping with the property that for every
n ∈ N there exists kn ∈ (0,1) such that for all p,q ∈ S and t > 0,
Fpq(t) > bn ⇒ Ff (p)f (q)(knt) > bn.
Then f has a unique fixed point.
Proof. The existence of a fixed point follows from Theorem 2.6 (as we have already men-
tioned, if T is a t-norm of Hadžic´ type then supa<1 T (a, a) = 1).
For the uniqueness, let us suppose that p and q are fixed points of f.
If ε > 0 and δ ∈ (0,1) are given, since Fpq ∈ D+ we can choose n such that bn > 1 − δ
and ε1 > 0 such that Fpq(ε1) > bn.
Then for every s ∈ N we have Fpq(ksnε1) > bn, therefore (choosing s such that ksnε1
< ε) Fpq(ε) > 1 − δ. So Fpq = ε0, from where we deduce that p = q. 
The following result follows from Theorem 2.6. It can be found also in [23] (see
[6, Remark 4.7]).
Corollary 2.8. Let k be a fixed number in (0,1), (S,F,T ) be a complete generalized
Menger space under the t-norm T of Hadžic´ type and A :S → C(S) be a mapping with
the property that for every p,q ∈ S and every u ∈ A(p) there exists v ∈ A(q) such that
Fuv(kt) Fpq(t) for every t > 0.
If there exist p ∈ S and q ∈ A(p) such that Fpq ∈ D+, then A has a fixed point.
2.2. Multivalued generalizations of C-contractions
The following theorem refers to the class of (Ψ,C)-contractions, introduced in [13].
Theorem 2.9 [13,22]. Let (S,F,T ) be a complete Menger space with supa<1 T (a, a) = 1
and f :S → C(S) be a mapping with the property
x, y ∈ S, t > 0, Fxy(t) > 1 − t
⇒ ∀p ∈ f (x) ∃q ∈ f (y): Fpq
(
ϕ(t)
)
> 1 − ϕ(t),
where ϕ : [0,∞) → [0,∞) is such that ∑∞n=1 ϕn(s) < ∞ for some s > 1. If
lim
n→∞T
∞
i=1
(
1 − ϕn+i−1(s))= 1
then A has a fixed point.
Proof. It is easy to see that f is continuous.
Let s > 1 be such that the series
∑∞
n=1 ϕn(s) converges and p be an arbitrary element
of S. Next, let p0 = p and p1 be in f (p0). Since Fpq(s) > 1 − s for all p,q ∈ S, we have
Fp0p1(s) > 1 − s.
D. Mihet¸ / J. Math. Anal. Appl. 304 (2005) 464–472 471Using the contractivity relation we can find p2 ∈ A(p1) such that Fp1p2(ϕ(t)) > 1 −
ϕ(t), and, by induction, pn such that pn ∈ A(pn−1) and Fpn−1pn(ϕn−1(s)) > 1 − ϕn−1(s)
for all n 1.
Defining tn = ϕn(s), we have fj = Fpjpj+1(tj ) 1−ϕj (s), ∀j, so limn→∞ T ∞i=1fn+i 
limn→∞ T ∞i=1(1 − ϕn+i−1(s)) = 1. 
Definition 2.10. Let F be a probabilistic distance on S and k ∈ (0,1). A mapping A :S →
2S is called a multivalued weak k–C contraction if for all x, y ∈ S and u ∈ (0,1),
(k–C¯): Fxy(u) > 1 − u ⇒ ∀p ∈ A(x) ∃q ∈ A(y): Fpq(ku) > 1 − ku.
Theorem 2.11. Let A :S → C(S) be a multivalued weak k–C contraction on a complete
generalized Menger space (S,F,T ). If T is k-convergent and Fpq(1) > 0 for some p ∈ S
and q ∈ A(p) then there exists x ∈ S such that x ∈ A(x).
Proof. Again, we will define the sequences (pn) and (tn) as in Theorem 2.2.
We put p0 = p and p1 = q. Since Fpq(1) > 0, it follows that there exists δ ∈ (0,1) such
that Fp0p1 (δ) > 1 − δ. Indeed, if we suppose that Fp0p1(δ) 1 − δ for all δ ∈ (0,1), then
by the left continuity of Fp0p1 we deduce that Fp0p1(1) 0, which is a contradiction.
Next, using (k–C¯) we can find p2 ∈ A(p1) such that Fp1p2(kδ) > 1 − kδ.
It follows Fp1p2(k) > 1 − k and, by induction, we obtain pn such that pn ∈ A(pn−1)
and Fpn−1pn(kn−1) > 1 − kn−1 for all n 2.
Defining tn = kn we have limn→∞ T ∞i=1fn+i−1  limn→∞ T ∞i=1(1 − kn+i−1) = 1.
It remains to prove that A is continuous. Let ε > 0 be given and δ ∈ (0,1) be such that
kδ < ε. If Fpq(δ) > 1 − δ then, due to (k–C¯), for each x ∈ A(p) we can find y ∈ A(q)
such that Fxy(kδ) > 1 − kδ, from where we obtain that Fxy(ε) > 1 − ε.
The theorem is proved. 
Corollary 2.12. Let (S,F,T ) be a complete generalized Menger space under a k-conver-
gent t-norm T and f :S → S be a mapping with the property that, for all p,q ∈ S and
t ∈ (0,1),
Fpq(t) > 1 − t ⇒ Ff (p)f (q)(kt) > 1 − kt.
If there exist p ∈ S such that Fpf (p)(1) > 0 than A has a fixed point.
We end with another application of Theorem 2.11 to operator equations (for details see
[13, Section 5]).
Let (M,d) be a complete separable metric space, (Ω,K,P ) a probability space with
P continuous and S be the space of all equivalence classes of measurable mappings X :
Ω → M (an element of S is denoted by Xˆ if {X(ω)} ∈ Xˆ).
Then (S,F,TL), where
F
XˆYˆ
(u) := P {ω ∈ Ω, d(X(ω),Y (ω))< u}
is a Menger space. For the sake of simplicity, P {ω ∈ Ω, d(X(ω),Y (ω)) < u} will be
written as P {d(X,Y ) < u}.
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mapping X :Ω → M, the mapping ω → f (ω,X(ω)) is measurable, and fˆ :S → S,
fˆ (X)(ω) := f (ω,X(ω)), for every ω ∈ Ω and Xˆ ∈ S.
If there exists Xˆ ∈ S such that P {ω ∈ Ω, d(X(ω), f (ω,X(ω))) < 1} > 0 and, for
every Xˆ, Yˆ ∈ S and u ∈ (0,1),
P
{
d(X,Y ) < u
}
> 1 − u ⇒ P {d(fˆ (X), fˆ (Y ))< ku}> 1 − ku
(k ∈ (0,1) is given), then there exists a measurable mapping X :Ω → M such that X(ω) =
f (ω,X(ω)) for every ω ∈ Ω0, P(Ω0) = 1.
The proof is similar to that from [6, Theorem 5.30].
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